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Abstract
We discuss membranes in four-dimensionalN = 1 superspace. The κ-invariance of the Green-
Schwarz action implies that there is a dual version of N = 1 supergravity with a three-form
potential. We formulate this new supergravity in terms of a three-form superfield in curved
superspace, giving the relevant constraints on the field strength. We find the corresponding
membrane soliton in the new supergravity and discuss how the extended supersymmetry algebra
emerges from the symmetries of the flat superspace background.
1 Introduction
As was first pointed out some years ago [1], there is a nexus of relations connecting the existence
of consistent Green-Schwarz super p-brane actions and of supergravity theories containing (p+ 1)-
form potentials. The purpose of the present paper is to discuss the p = 2 membrane and the
corresponding supergravity in four dimensions. The membrane naturally couples to a three-form
potential. We derive a corresponding three-form version of N = 1 supergravity in superfields. It is
a dualized version of old minimal supergravity where one of the scalar auxiliary fields is replaced
by the four-form field strength of the three-form potential. The theory is a toy model of the theory
of a membrane in eleven dimensions, the three-form supergravity sharing some of the structure of
eleven-dimensional supergravity. One advantage is that the four-dimensional theory is an off-shell
description, with all necessary auxiliary fields. One notes that it is also strictly this three-form
version of N = 1 supergravity that appears in the reduction of higher-dimensional supergravities
containing form potentials of degree three or higher, as was discussed in [2] in the context of N = 8
supergravity.
Consider starting with the theory of a fundamental Green-Schwarz p-brane, which has manifest
spacetime supersymmetry. Consistent actions are κ-symmetric. That is, they have a local fermionic
world-volume symmetry which can be used to gauge away half of the fermionic degrees of freedom.
When such a symmetry exists it is possible to go to a gauge where the action exhibits world-
volume supersymmetry. In this sense, the presence of κ-symmetry allows the supersymmetry to be
projected down from the spacetime onto the world volume.
The requirement of κ-symmetry puts strong constraints on the structure of the target super-
space. First, it implies that there is a non-trivial background super (p + 1)-form potential Bp+1
[3, 4, 5]. The simplest action, proportional to the volume the p-brane sweeps out as it moves
through the target superspace, is not κ-symmetric. A second, Wess-Zumino term, describing the
coupling of the p-brane to Bp+1, must be included. The field strength Σ = dBp+1 is required to
satisfy a set of constraints [5] so that, even in flat space, Bp+1 is not zero. These constraints cannot
be solved in a general D-dimensional spacetime. One finds, for instance, that the membrane is only
consistent in D = 4, 5, 7 and 11 dimensions and always has N = 1 target-space supersymmetry. In
addition, the existence of a κ-symmetry implies that the torsion, given in terms of the supervielbein
of the target superspace, is also constrained.
Thus κ-symmetric p-brane actions exist only in superspace backgrounds with a non-trivial super
(p+1)-form. One might ask if the constrained superform and the supervielbein of the background
superspace together form some supergravity multiplet. In various cases, this has been shown to
be true. For a membrane in eleven dimensions, the constraints on Σ and the torsions reproduce
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the equations of motion of N = 1, D = 11 supergravity [5, 6]. The five-brane in ten dimensions
gives the constraints of N = 1, D = 10 supergravity formulated in terms of a six-form, the dual
of the usual anti-symmetric tensor [1]. The the authors of [1] also point out that the three-form
coupling to the membrane in four dimensions can be considered as a special type of auxiliary field
for D = 4, N = 1 supergravity but do not further discuss the structure of this non-standard off-shell
supermultiplet.
Alternatively one can start with a supergravity theory with a (p+1)-form potential. As is now
well-known, p-brane states then appear as topological defects, solitons carrying either electric or
magnetic (p + 1)-form charge (see for instance [7]). When the bosonic zero modes of the defect
are all world-volume scalars, the fluctuations of the p-brane are described by the Green-Schwarz
action.
An important property of the simplest p-brane solitons is that they preserve one-half of the su-
persymmetries. As such, they are not representations of the usual super-Poincare´ algebra. Instead,
they are described by an algebra extended by a topological charge, proportional to the (p + 1)-
form charge of the p-brane. Again this extension can be seen either in terms of the supergravity
solution (see for instance [8, 9]) or as a topological charge in the supersymmetry algebra of the
Green-Schwarz action [10].
The membrane we will consider in four dimensions is the analog of the eight-brane in ten
dimensions. In each case the p-brane is a domain wall dividing the spacetime into two parts. The
introduction of a nine-form potential for the eight-brane [11] required the dualization of the massive
form of supergravity due to Romans [12]. In the same way, we will find that the dualization of
old minimal to three-form supergravity naturally arises in the ‘massive’ form of the theory: that
is, the action with a cosmological constant. In fact, the supergravity solution corresponding to
the four-dimensional membrane is simply the patching of two pieces of anti-de Sitter space across
a domain wall. (Similar solutions with matter are familiar in the domain wall literature [13].)
Domain-wall, (D − 2)-branes were discussed in six and seven dimensions in [14], and then more
generally in [15, 16]. The latter papers include the solution corresponding to a membrane in D = 4,
N = 1 supergravity but do not discuss what form of the corresponding dualized supergravity might
take.
The paper is arranged as follows. In section two we discuss the matter three-form supermul-
tiplet in flat superspace, first in components, as the dualization of a chiral superfield, and then
as a constrained super three-form field, as was first given in [17]. The fields of the dualized chi-
ral multiplet correspond to the full three-form multiplet in a particular Wess-Zumino gauge. In
section three we give a self-contained derivation of the three-form version of N = 1 supergravity
multiplet which naturally couples to the membrane in four dimensions. We start with old minimal
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supergravity multiplet in components. The three-form theory can be obtained by simply dualizing
one of the scalar auxiliary fields in a way very similar to the chiral-field dualization of section two.
It is interesting to note that a version of supergravity with both scalar auxiliary fields replaced
by three-forms was given in components in early studies of supergravity [18, 19]. A deeper under-
standing of the three-form theory and its gauge symmetries can only be obtained in superspace.
To this end, we then discuss the three-form superfield B coupled to old minimal supergravity in
curved superspace, following a recent paper by Bine´truy et al [20]. (These authors treat the three-
form supermultiplet as matter, rather than try to construct an irreducible supergravity multiplet
involving the three-form.) We present and solve the additional constraints on B required to merge
the old minimal supergravity multiplet with the matter three-form multiplet to produce irreducible
off-shell three-form supergravity. This is the three-form analog of the super two-form formalism
used in [21] to construct new-minimal supergravity. We discuss the general gauge structure of
this theory and Wess-Zumino gauge. The local supersymmetry algebra on the component fields
corresponds to the usual superdiffeomorphism transformations together with a WZ-gauge-restoring
transformation. The superdiffeomorphisms and gauge transformations are distinct symmetries, so
that, in this superspace formulation, the three-form supergravity in no way corresponds to gauging
the extended form of the global superalgebra. The next two sections make the connection to super-
membranes in four dimensions. In section four we show that the three-form theory naturally arises
in dualizing the massive action of old minimal supergravity, namely the theory with a cosmologi-
cal constant. We briefly present the elementary membrane solution, match it to a delta-function
membrane source and show it preserves half the supersymmetries. In section five we consider the
fundamental Green-Schwarz membrane action. The requirement of κ-symmetry in four dimensions
leads to exactly the super three-form and torsion constraints we used in section three to construct
the three-form supergravity. Section six describes how the extended supersymmetry algebra ap-
pears from the symmetries of a flat supergravity background. We stress how the result depends on
the choice of background by also investigating the algebra in an anti-de Sitter background.
Throughout the paper we will use the conventions of Wess and Bagger [22] and the authors of
[20], except that we define the Ricci tensor as Rmn = ∂pΓ
p
mn + . . . .
2 The three-form supermultiplet in flat superspace
The supermembrane naturally couples to a three-form potential. We start, in this section, therefore
by simply describing the structure of the three-form matter supermultiplet in flat space. It is most
easily derived in components by dualizing one of the auxiliary fields of a chiral multiplet. The
superspace formulation, on the other hand, requires a full three-form superfield [17, 20]
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Consider a chiral superfield,
Φ = Y +
√
2θη + θ2F + . . . (2.1)
The component fields Y , ηα and F are known to transform under supersymmetry as
δξY =
√
2ξη
δξη = i
√
2σmξ¯∂mY +
√
ξF
δξF = i
√
2ξ¯σ¯m∂mη
(2.2)
We now want to write the auxiliary field F as F = H + iF2, where both H and F2 are real fields.
Then the last equation in (2.2) becomes
δξH =
i√
2
(
ξ¯σ¯m∂mη + ξσ
m∂mη¯
)
(2.3)
and
δξF2 =
1√
2
(
ξ¯σ¯m∂mη − ξσm∂mη¯
)
(2.4)
Now, we can always choose to express the real field F2 as ǫ
mnpqFmnpq where F is a four-form.
Since a four-form in four dimensions is always closed, one can write locally F = dC where C is a
three-form. That is, we can always write
F2 = −4
3
ǫmnpq∂mCnpq (2.5)
where we have chosen the normalization −4/3 to conform to the conventions of reference [20].
Inserting this expression in (2.4), we find that this equation can be completely integrated. The
result is that
δCmnp = −
√
2
16
ǫmnpq
(
ξ¯σ¯qη − ξσqη¯) (2.6)
Putting everything together we have
δY =
√
2ξη
δη = i
√
2σmξ¯∂mY +
√
2ξF
δH =
i√
2
(
ξ¯σ¯m∂mη − ∂mη¯σ¯mξ
)
δCmnp = −
√
2
16
ǫmnpq
(
ξ¯σ¯qη − ξσqη¯)
(2.7)
Note that we have dropped the subscript ξ in writing these equations. The reason for this will
become clear below. It follows that the component fields Y , ηα, H and Cmnp form an irreducible
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supermultiplet, a three-form matter multiplet. One could, of course, have dualized the other
auxiliary field H, or some linear combination of H and F2. However, as we will see, all these
dualizations are simply reparameterizations of the same underlying multiplet. Dualizing both
auxiliary field does lead to a completely new multiplet [23]. However it is not relevant to the
coupling of the membrane to supergravity.
What is the superfield for which Y , ηα, H and Cmnp are the component fields? To answer
this, we must consider the theory of a constrained three-form supermultiplet [17]. We will use the
notation and results from reference [20]. One begins by introducing a real three-form superfield
B =
1
3!
eAeBeCBCBA (2.8)
where eA denotes the frame of flat superspace. The invariant field strength is a four-form
Σ = dB (2.9)
Its component superfields, defined by
Σ =
1
4!
eAeBeCeDΣDCBA (2.10)
are then subject to the constraints
ΣδγβA = 0 (2.11)
where α ∼ α, α˙, together with the conventional constraint
Σδ˙γba = 0 (2.12)
The Bianchi identity dΣ = 0 can be solved subject to these constraints. One finds that all the
coefficients of the four-form Σ either vanish, or can be expressed in terms of a complex superfield
Y and and its conjugate Y¯ as follows
Σδγba =
1
2
(σbaǫ)δγ Y¯ , (2.13)
Σδ˙γ˙ ba =
1
2
(σ¯baǫ)
δ˙γ˙ Y (2.14)
and
Σδcba = − 1
16
σdδδ˙ǫdcbaD¯
δ˙Y¯ , (2.15)
Σδ˙cba =
1
16
σ¯dδ˙δǫdcbaDδY (2.16)
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while
Σdcba =
1
12
iǫdcba
(
D2Y − D¯2Y¯ ) (2.17)
In addition, the superfield Y and it conjugate Y¯ are subject to the chirality conditions
D¯α˙Y = 0 , DαY¯ = 0 (2.18)
One can also solve the constraints (2.11) directly to find the coefficients of the super three-form
in terms of a real, but otherwise unconstrained, prepotential, Ω. The result is that there is a gauge
where all coefficients vanish with the exception of
B β˙γ a = −2i(σaǫ)γβ˙Ω (2.19)
Bγba = 2(σba)γ
βDβΩ , B
γ˙
ba = 2(σ¯ba)
γ˙
β˙D¯
β˙Ω (2.20)
and
Bcba =
3
8
ǫdcbaσ¯
dα˙α
[
Dα, D¯α˙
]
Ω (2.21)
Substituting these expressions back into the field strength yields the expressions
Y¯ = −4D2Ω (2.22)
Y = −4D¯2Ω (2.23)
reflecting the fact that Y is chiral. It is important to note that there is a residual gauge freedom
in B. The fields Y and Y¯ remain unchanged under the transformation
δLΩ = L (2.24)
where L is a real linear multiplet satisfying the constraints
D2L = D¯2L = 0 (2.25)
If we now define
Bcba
∣∣
θ=θ¯=0
= Ccba (2.26)
as well as
Y
∣∣
θ=θ¯=0
= Y , Y¯
∣∣
θ=θ¯=0
= Y¯
DαY
∣∣
θ=θ¯=0
=
√
2ηα , D¯α˙Y
∣∣
θ=θ¯=0
=
√
2η¯α˙
(2.27)
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and
D2Y
∣∣
θ=θ¯=0
+ D¯2Y¯
∣∣
θ=θ¯=0
= −8H (2.28)
then, using (2.17), we can identify Y with the dualized chiral superfield Φ where
F = H − i4
3
ǫmnpq∂mCnpq (2.29)
We recall that we could have dualized any linear combination of the auxiliary fields in Φ. We now
see that the resulting multiplet corresponds to a parameterization where we identify Y with eiαΦ
for some constant phase α. Henceforth, we will assume that the simple identification Y = Φ is
made. In this case, the general structure of an unconstrained real superfield Ω satisfying equations
(2.22) and (2.23) is given by
Ω = C + iθχ− iθ¯χ¯+ 1
16
θ2Y ∗ +
1
16
θ¯2Y +
1
6
θσmθ¯ǫmnpqC
npq +
1
2
θ2θ¯
(√
2
8
η¯ + σ¯m∂mχ
)
+
1
2
θ¯2θ
(√
2
8
η¯ − σm∂mχ¯
)
+
1
4
θ2θ¯2
(
1
4
H − ∂2C
) (2.30)
We see that, in addition to Y , ηα, H and Cmnp, the prepotential generically contains the two extra
fields C and χ. However, by an appropriate choice of L these last two fields can be transformed
away to give
Ω =
1
16
θ2Y ∗ +
1
16
θ¯2Y +
1
6
θσmθ¯ǫmnpqC
npq +
1
8
√
2
θ2θ¯η¯ +
1
8
√
2
θ¯2θη¯ +
1
16
θ2θ¯2H (2.31)
This is the WZ gauge form for the superfield Ω.
We can now answer our original question. The fields Y , ηα, H and Cmnp are the component
fields of the superfield Ω in WZ gauge. Let us now consider the supersymmetry transformation of
this superfield. It is a simple exercise to show that δξΩ contains terms proportional to θ and θ¯ and,
hence, is no longer in WZ gauge. However, WZ gauge can be restored by a gauge transformation
δLΩ where the component fields B, λα and Bmn of L are chosen to satisfy
B = 0
λ =
1
6
iσmξ¯ǫmnpqC
npq +
i
8
ξY ∗
∂[mBnp] = 0
(2.32)
It is not hard to verify that, under supersymmetry plus the WZ gauge-restoring transformation,
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the component fields transform as
(δξ + δL)Y =
√
2ξη
(δξ + δL) η = i
√
2σmξ¯∂mY +
√
2ξF
(δξ + δL)H =
i√
2
(
ξ¯σ¯m∂mη + ξσ
m∂mη¯
)
(δξ + δL)Cmnp = −
√
2
16
ǫmnpq
(
ξ¯σ¯qη − ξσqη¯)
(2.33)
Comparing these results with equation (2.7), we see that
δ = δξ + δL (2.34)
This explains why we dropped the subscript ξ in (2.7).
We conclude that the supermultiplet obtained by integrating the supersymmetry transforma-
tions of the component fields of Φ is precisely the vector prepotential Ω in the WZ gauge. Fur-
thermore, the transformation law of the component fields after this integration correspond to the
combined supersymmetry and WZ gauge-restoring transformations of the prepotential supermul-
tiplet. It is useful to note, using (2.19)–(2.21), that for Ω in WZ gauge, the lowest components of
the superfield coefficients BCBA satisfy
B β˙γ a
∣∣
θ=θ¯=0
= Bγba
∣∣
θ=θ¯=0
= Bγ˙ ba
∣∣
θ=θ¯=0
= 0 (2.35)
Bcba
∣∣
θ=θ¯=0
= Ccba (2.36)
If Ω is transformed outside of its WZ gauge, non-zero components begin to appear in (2.35).
Thus, WZ gauge for the prepotential corresponds to the gauge one would naturally define for the
coefficients BCBA.
We conclude this section by computing the commutator of the transformations δ acting on the
component field Cmnp. We find that(
δδ′ − δ′δ)Cmnp = 2ηq∂qCmnp + 3∂[mΛnp] (2.37)
where
Λmn = −2Cmnpηp − 1
2
(
η+pqY1 + η
−
pqY2
)
(2.38)
with
ηm = −i (ξσmξ¯′ − ξ′σmξ¯)
η+pq = ξσpqξ
′ + ξ¯σ¯pq ξ¯
′
η−pq = −i
(
ξσpqξ
′ − ξ¯σ¯pq ξ¯′
) (2.39)
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and Y = Y1 + iY2. What is the interpretation of the two terms on the right hand side of equation
(2.37)? Substituting δ = δξ + δL on the left side of equation (2.37), and using the fact that
δLδL′Cmnp = δLδξCmnp = 0, we find
(
δξδξ′ − δξ′δξ
)
Cmnp = 2η
q∂qCmnp (2.40)
and
(
δξδL′ − δξ′δL
)
Cmnp = 3∂[mΛnp] (2.41)
The first of these equations is simply the representation of the supersymmetry algebra {Qα, Qα˙} =
2σmαα˙Pm acting on the component field Cmnp. Hence, the first term on the right side of equation
(2.37) is the translation part of the superalgebra. If WZ gauge restoration was unnecessary, then
this would be the only term to appear. However, WZ gauge restoration is necessary and (2.41) tells
us that the effect of this gauge restoration is the second term on the right hand side of (2.37). The
main point is this. One might try to interpret the second term in (2.37) as indicating the presence of
central charges in the supersymmetry algebra associated with the supermultiplet Ω. These central
charges would be Lorentz indexed, Zmn, and would extend the supersymmetry algebra to
{Qα, Qβ} = 2i (σmnǫ)αβ Zmn (2.42)
The second term in (2.37) would then be viewed as a (field-dependent) gauge transformation
δgaugeCmnp = 3∂[mΛnp] (2.43)
associated with these extended charges. One problem is that the algebra does not then close
simply. However, it is clear from the above analysis that this interpretation is unwarranted, that
the extra term is an artifact of the WZ gauge and is perfectly consistent with the usual, unextended
supersymmetry algebra.
3 N = 1 three-form supergravity
In this section we give a self-contained description of the three-form version of N = 1 supergravity
which naturally couples to the membrane in four dimensions. We first give the multiplet in compo-
nents, by dualizing one of the auxiliary fields of the old minimal supergravity multiplet. We then
turn to the full description in terms of superfields.
A geometrical construction of any N = 1 supergravity multiplet starts by introducing a su-
pervielbein, EM
A, and a superconnection one-from φA
B to gauge local Lorentz transformations
9
[22]. One then forms the superfield curvature, RA
B = dφA
B + φA
C ∧ φCB, and the supertorsion,
TA = dEA + EB ∧ φBA. The usual, so-called old minimal, form of the supergravity multiplet is
obtained by constraining particular components of the torsion superfield. These constraints are
summarized in equation (3.41) later in this section. One then solves the Bianchi identities for RA
B
and TA subject to these constraints. The result is that all superfield components of the curvature
and torsion that do not vanish can be constructed from three fundamental superfields, R, Gαα˙
and Wαβγ . The component fields of the old minimal gravity supermultiplet are obtained as fol-
lows. First, one uses part of the local Lorentz and diffeomorphic symmetries to rotate the lowest
component of the supervielbein into the form
EM
A
∣∣
θ=θ¯=0
=


em
a 1
2ψm
α 1
2 ψ¯mα˙
0 δµ
α 0
0 0 δµ˙α˙

 (3.1)
A vielbein in this form is said to be in WZ gauge. One also defines a complex scalar field
R
∣∣
θ=θ¯=0
= −1
6
M (3.2)
and a real vector field
Ga
∣∣
θ=θ¯=0
= −1
3
ba (3.3)
The component fields of the old minimal supergravity multiplet are then em
a, ψm
α, ba and M .
Generic fermionic superdiffeomorphisms, δξ, parameterized by a supervector field ξ
α, take one
outside of the WZ gauge. However, the gauge can be re-established using a restoring transformation,
δWZ , as discussed, for example, in [22]. It is customary to define, δ = δξ + δWZ , and to refer to
these variations as supersymmetry transformations. The variation of the component fields under
supersymmetry are
δem
a = i
(
ψmσ
aξ¯ + ψ¯mσ¯
aξ
)
δψm
α = −2Dmξα + iemc
{
1
3
M
(
ǫσcξ¯
)α
+ bcξ
α +
1
3
bd (ξσdσ¯c)
α
}
δbαα˙ = ξ
δ
{
3
4
ψ¯ γ˙α δγ˙α˙ +
1
4
ǫδαψ¯
γγ˙
γα˙γ˙ −
i
2
M∗ψαα˙δ +
i
4
(
ψ¯ ρ˙αρ˙ bδα˙ + ψ¯
ρ˙
δρ˙ bαα˙ − ψ¯ ρ˙δ α˙bαρ˙
)}
+ h.c.
δM = −ξ
(
σaσ¯bψab + ib
aψa − iσaψ¯aM
)
(3.4)
We have included the variation of ba for completeness, though it is not required in the following. The
spinor notation used for δba is explained in [22]. Writing the auxiliary field M as M =M1 + iM2,
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the last equation in (3.4) becomes
δM1 = −ξσabψab − ξ¯σ¯abψ¯ab − i
2
(
ξψa − ξ¯ψ¯a
)
ba
+
i
2
(
ξσaψ¯a + ξ¯σ¯
aψa
)
M1 − 1
2
(
ξσaψ¯a − ξ¯σ¯aψa
)
M2
(3.5)
and
δM2 = i
(
ξσabψab − ξ¯σ¯abψ¯ab
)
− 1
2
(
ξψa + ξ¯ψ¯a
)
ba
+
1
2
(
ξσaψ¯a − ξ¯σ¯aψa
)
M1 +
i
2
(
ξσaψ¯a + ξ¯σ¯
aψa
)
M2
(3.6)
In analogy with the previous section, we will try to introduce a three-form field into the multiplet
by dualizing the real field M2. We first write M2 ∝ ǫmnpqFmnpq where F is a four-form. Since a
four-form in four-dimensions is always closed, one has locally F = dC where C is a three-form. We
can then hope to integrate the supersymmetry transformation to give the variation of C. Here,
however, the exact analogy with the flat superspace chiral multiplet case comes to an end. It turns
out that, in the supergravity case, it is necessary to add a second term to dC in order to insure
integrability. This term naturally arises when one tries to dualize the old minimal supergravity
action with a cosmological constant, as we shall see in the next section. The appropriate expression
is
M2 = ǫ
mnpq∂mCnpq +
i
2
(
ψaσ
abψb − ψ¯aσ¯abψ¯b
)
(3.7)
where we have chosen unit normalization of the first term on the right hand side for convenience.
Inserting this in (3.6), we find that the expression can be completely integrated. The result is that
δCmnp =
i
3
ǫmnpq
(
ξσqrψr − ξ¯σ¯qrψ¯r
)
(3.8)
This expression was actually first given by Stelle and West in the one of the original formulations of
off-shell N = 1 supergravity [18]. However in that case both the components of M were dualized.
The proof that equation (3.6) can be integrated is considerably more involved than in the flat
superspace case. In particular, there are several of terms cubic in the gravitino field that arise
which, at first sight, seem to obstruct the integrability. However, by prodigious use of Fierz re-
arrangement, one can show that these terms all cancel. Putting everything together, we find the
variations
11
δem
a = i
(
ψmσ
aξ¯ + ψ¯mσ¯
aξ
)
δψm
α = −2Dmξα + iemc
{
1
3
M
(
ǫσcξ¯
)α
+ bcξ
α +
1
3
bd (ξσdσ¯c)
α
}
δbαα˙ = ξ
δ
{
3
4
ψ¯ γ˙α δγ˙α˙ +
1
4
ǫδαψ¯
γγ˙
γα˙γ˙ −
i
2
M∗ψαα˙δ +
i
4
(
ψ¯ ρ˙αρ˙ bδα˙ + ψ¯
ρ˙
δρ˙ bαα˙ − ψ¯ ρ˙δ α˙bαρ˙
)}
+ h.c.
δM1 = −ξσabψab − ξ¯σ¯abψ¯ab − i
2
(
ξψa − ξ¯ψ¯a
)
ba
+
i
2
(
ξσaψ¯a + ξ¯σ¯
aψa
)
M1 − 1
2
(
ξσaψ¯a − ξ¯σ¯aψa
)
M2
δCmnp =
i
3
ǫmnpq
(
ξσqrψr − ξ¯σ¯qrψ¯r
)
(3.9)
It follows that the component fields em
a, ψm
α, ba, M1 and Cmnp form an irreducible supergravity
multiplet.
This fact is somewhat remarkable and deserves further discussion. As stated above, the old-
minimal form of the N = 1 supergravity multiplet consists of the component fields em
a, ψm
α, ba
and M . It has long been known that there exists another irreducible N = 1 supergravity multiplet,
the so-called new minimal supermultiplet, consisting of the component fields em
a and ψm
α along
with a real vector field am and a real two-form Bmn. That is, the auxiliary fieldsM and ba of the old
minimal multiplet are replaced by auxiliary fields am and Bmn in the new minimal multiplet. Both
the new and old minimal forms of supergravity have 12 bosonic and 12 fermionic off-shell degrees
of freedom. There is one other irreducible N = 1 supergravity multiplet known, the so-called 16-16
multiplet, which, as the name implies, has 16 bosonic and 16 fermionic off-shell degrees of freedom.
It also contains a real two-form. However, none of these known multiplets contains a real three-form.
We seem, therefore, by writing M2 as the curl of a three-form and by integrating transformation
equation (3.6), to have constructed a new irreducible N = 1 supergravity multiplet containing a
three-form Cmnp. This multiplet also has 12 bosonic and 12 fermionic off-shell degrees of freedom.
As we have mentioned, a component form of the supergravity multiplet with two three-form fields
was derived some time ago in [18, 19]. The case of a single three-form multiplet is easily extracted
from these papers, but was not explicitly discussed. This multiplet is interesting in that it is similar
in form, albeit in four dimensions, to eleven-dimensional supergravity. Unlike eleven-dimensional
supergravity, however, we can construct the off-shell theory and completely study its behaviour. In
particular, and this is our main point, one can ask for what superfields are em
a, ψm
α, ba, M1 and
Cnpq the component fields?
To answer this, we must consider the theory of a constrained three-form supermultiplet coupled
to supergravity in curved superspace. This construct is the analog of the super two-form formalism
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used to [21] to derive the new minimal multiplet. The supergravity torsion constraints, and conse-
quently the solution of the geometrical Bianchi identities, remain the same as above. It follows that
the component fields arising from the geometrical supergravity sector are just those defined in equa-
tions (3.1)–(3.3). Similarly, the transformations of these component fields under supersymmetry are
still given by (3.4)–(3.6). The theory of the super three-form, however, requires some modification
over the flat superspace case discussed in the previous section. This theory was provided in detail
in reference [20], and we will use their notation and some of their results in our construction. It
is worth emphasizing that these authors treated the three-form as a matter supermultiplet so did
not use their formalism to construct the new three-form irreducible gravity supermultiplet found
above. That construction requires imposing further constraints on the three-form multiplet, as we
will now describe.
Construction of the three-form matter multiplet in curved superspace follows closely the flat-
space case given in section two. One begins by introducing a real three-form superfield
B =
1
3!
EAEBECBCBA (3.10)
where now EA denotes the frame of curved superspace. The invariant field strength is a four-form
Σ = dB =
1
4!
EAEBECEDΣDCBA (3.11)
Again the components of Σ are constrained to satisfy
ΣδγβA = Σ
δ˙
γba = 0 (3.12)
where α ∼ α, α˙. Solving the Bianchi identity dΣ = 0 one finds that all coefficients of the four-form
Σ either vanish, or can be expressed in terms of an complex superfields Y and and its conjugate Y¯
as follows
Σδγba =
1
2
(σbaǫ)δγ Y¯ , (3.13)
Σδ˙γ˙ ba =
1
2
(σ¯baǫ)
δ˙γ˙ Y (3.14)
and
Σδcba = − 1
16
σdδδ˙ǫdcbaD¯δ˙Y¯ , (3.15)
Σδ˙cba =
1
16
σ¯dδ˙δǫdcbaDδY (3.16)
while
Σdcba =
i
12
ǫdcba
[(
D2 − 24R†
)
Y − (D¯2 − 24R) Y¯ ] (3.17)
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Furthermore, superfields Y and Y¯ are subject to the curved-space chirality conditions
D¯α˙Y = 0 , DαY¯ = 0 (3.18)
Also as before, one can solve the constraints (3.12) directly to find the coefficients of the super
three-form in terms of a real but otherwise unconstrained prepotential, Ω. One finds that there is
a gauge where all coefficients vanish with the exception of
B β˙γ a = −2i(σaǫ)γβ˙Ω (3.19)
as well as
Bγba = 2(σba)γ
βDβΩ , B
γ˙
ba = 2(σ¯ba)
γ˙
β˙D¯β˙Ω (3.20)
and
Bcba =
1
4
ǫdcbaσ¯
dα˙α
([Dα, D¯α˙]− 4Gαα˙)Ω (3.21)
Substituting these expressions back into the field strength yields the expressions
Y¯ = −4
(
D2 − 8R†
)
Ω (3.22)
Y = −4 (D¯2 − 8R)Ω (3.23)
The residual gauge freedom is reflected in the fact that the fields Y and Y¯ remain unchanged under
the transformation
δLΩ = L (3.24)
where L is a real linear multiplet satisfying the constraints
(
D2 − 8R†
)
L =
(D¯2 − 8R)L = 0 (3.25)
The discussion of the WZ gauge for the three-form supermultiplet in curved superspace is much
the same as it was in the flat superspace case. The prepotential Ω can be put into WZ gauge using
transformation (3.24) with an appropriate choice of linear superfield L. In this gauge the lowest
two components of Ω vanish. It follows from (3.19)–(3.21) that in WZ gauge
B β˙α,a
∣∣
θ=θ¯=0
= Bαba
∣∣
θ=θ¯=0
= Bα˙ba
∣∣
θ=θ¯=0
= 0 (3.26)
Bcba
∣∣
θ=θ¯=0
= Ccba (3.27)
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If Ω is transformed outside of its WZ gauge, non-zero components begin to occur in (3.26). Thus,
WZ gauge for the prepotential corresponds to the gauge one would naturally define for the coeffi-
cients BCBA. We will assume, henceforth, that we are working in the WZ gauge.
The component fields of the three-form supermultiplet are defined as follows. We write
Bmnp
∣∣
θ=θ¯=0
= Cmnp (3.28)
while
Y
∣∣
θ=θ¯=0
= Y , Y¯
∣∣
θ=θ¯=0
= Y¯
DαY
∣∣
θ=θ¯=0
=
√
2ηα , D¯α˙Y
∣∣
θ=θ¯=0
=
√
2η¯α˙
(3.29)
and
D2Y ∣∣
θ=θ¯=0
+ D¯2Y¯ ∣∣
θ=θ¯=0
= −8H (3.30)
Equation (3.17) means that the orthogonal combination is not an independent component field. It
is given by the expression
D2Y ∣∣
θ=θ¯=0
− D¯2Y¯ ∣∣
θ=θ¯=0
=
32i
3
ǫmnpq∂mCnpq + 2
√
2iψ¯mσ¯
mη
− 2
√
2iψmσ
mη¯ − 4 (M¯ + ψ¯mσ¯mnψ¯n)Y + 4 (M + ψmσmnψn) Y¯ (3.31)
Under a combination of a general superdiffeomorphism, δξ, and an arbitrary three-form super-
gauge transformation, δΛ, the super three-form transforms as
(δξ + δΛ)B = ιξΣ+ d (Λ + ιξB) (3.32)
where ιξ is the super inner derivative. The superdiffeomorphism is parameterized by a general
supervector field ξA, while the gauge transformation parameter is a super two-form Λ. Clearly,
such a transformation generically takes B out of the WZ gauge. However, as in the flat-space case,
it is possible to find a compensating gauge transformation Λξ, dependent on the parameter ξ
A,
such that the combined transformation leaves B in WZ gauge. We now restrict ourselves to the
diffeomorphisms corresponding to the supersymmetry transformations of the supergravity multiplet
(3.4). It is possible to show from the results of [20] that the corresponding transformation of the
super three-form, restricted to WZ gauge, gives for the component Cmnp,
(
δξ + δΛξ
)
Cmnp =
√
2
16
(
ξ¯σ¯qη − ξσqη¯) ǫqmnp − 3
4
[(
ψ[mσnp]ξ
)
Y¯ +
(
ψ¯[mσ¯np]ξ¯
)
Y
]
(3.33)
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Up to this point, we have been discussing the theory of an independent three-form superfield
coupled to old minimal supergravity. As we now show, by the application of two additional con-
straints, these two multiplets can be merged into one irreducible supergravity multiplet containing
the real three-form component field. To do this, we impose two new constraints
Σδcba = Σ
δ˙
cba = 0 (3.34)
which imply
D¯α˙Y¯ = 0 , DαY = 0 (3.35)
These constraints, in addition to the original chirality constraints in (3.18), mean that superfield
Y must be a constant. We will choose superfield Y = y. It follows immediately from expressions
(3.29) and (3.30) that component fields are
Y = y (3.36)
and
ηα = H = 0 (3.37)
Thus, the additional constraints (3.35) eliminate all the component fields coming from the three-
form supermultiplet except for Cmnp. However, these constraints do something more interesting.
It follows from expression (3.31) that now
M2 = − 3
4y
ǫmnpq∂mCnpq +
i
2
(
ψmσ
mnψn − ψ¯mσ¯mnψ¯n
)
(3.38)
That is, component field M2 of the original supergravity multiplet is also eliminated in terms of
the three-form and gravitino component fields. Furthermore, one should note that if we choose
constant y = −4/3, then the normalization of this expression matches that of equation (3.7) which
was found to be the appropriate relation to insure integrability of the supersymmetry transforma-
tion law. Henceforth, we will take y to have this value. The remaining component fields of the
original supergravity multiplet, em
a, ψm
α, ba and M1 are unaffected by the new constraints. Their
supersymmetry transformations are still given by the first three equations in (3.4) and equation
(3.5) where, however, M2 must be written in terms of Cmnp using (3.38). Transformation (3.6) is
no longer relevant. It is now replaced by supersymmetry transformation (3.33). Using (3.36) and
(3.37), this transformation becomes
(δξ + δΛ)Cmnp =
i
3
ǫmnpq
(
ξσqrψr − ξ¯σ¯qrψ¯r
)
(3.39)
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Note that this is identical to the integrated supersymmetry transformation for Cmnp given in
expression (3.8) if we identify
δ = δξ + δΛξ (3.40)
The new constraints are superfield equations. Thus the supersymmetry transformations for the,
now eliminated, component fields Y , ηα and H are automatically consistent, all being identically
zero. We conclude that the additional constraints (3.35) lead to a supergravity multiplet consisting
of the component fields em
a, ψm
α, ba, M1 and Cmnp. These fields transform irreducibly under the
supersymmetry transformations given in equations (3.9). Thus, we have found a complete, off-shell
superfield representation of the three-form supergravity multiplet.
For completeness let us summarize the full set of superfield constraints we used to derive this
multiplet. We started in curved superspace with a supervielbein EM
A and a Lorentz-algebra-valued
connection φA
B , together with a super three-form potential B. For the vielbein we adopted the
usual torsion constraints of old minimal supergravity, as given, for instance, in [22],
Tαβ
γ = Tαβ
c = Tα˙β˙
c = Tαb
c = Taβ
c = Tab
c = 0
Tαβ˙
c = Tβ˙α
c = 2iσcαβ˙
(3.41)
Now we turn to the super form-form field strength Σ = dB. From equations (3.12)–(3.16) and
(3.34), with the normalization y = −4/3, we see that all the components of Σ are set to zero except
for
Σαβba = −2
3
(σbaǫ)αβ Σ
α˙β˙
ba = −2
3
(σ¯baǫ)
α˙β˙ (3.42)
and the component Σabcd, which is unconstrained. Solving the dΣ = 0 Bianchi identity does,
however, determine Σabcd in terms of the curvature superfield R. From (3.17) we see
Σabcd =
i
2
(
R† −R
)
ǫabcd (3.43)
which links the vielbein and three-form field into a single irreducible supergravity multiplet.
We end this section by computing the commutator of the transformations δ acting on the
component field Cnpq. We find that(
δδ′ − δ′δ)Cmnp = 2δηCmnp + δξ′′Cmnp + δΛ′′Cmnp (3.44)
where we define
δηCmnp = η
q∂qCmnp + (∂mη
q)Cqnp + (∂nη
q)Cmqp + (∂pη
q)Cmnq (3.45)
δξ′′Cmnp =
i
3
ǫmnpq
(
ξ′′σqrψr − ξ¯′′σ¯qrψ¯r
)
(3.46)
δΛ′′Cmnp = 3∂[mΛ
′′
np] (3.47)
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The fermionic parameter ξ′′ and the two-form Λ′′mn are given by
ξ′′
α
= ηmψ αm (3.48)
Λ′′mn = −3Cmnpηp −
1
3
η+mn (3.49)
while the parameters ηr and η+pq are given in (2.39). What is the interpretation of the three terms
on the right hand side of equation (3.44)? Substituting δ = δξ + δΛξ on the left side of (3.44), and
using the fact that δΛξδξ′Cmnp = δΛξδΛ′ξCmnp = 0, we find(
δξδξ′ − δξ′δξ
)
Cmnp = 2δηCmnp + δξ′′Cmnp (3.50)
and (
δξδΛ′
ξ
− δξ′δΛξ
)
Cmnp = δΛ′′Cmnp (3.51)
From equation (3.50) we see that δηCmnp and δξ′′Cmnp come from the superdiffeomorphism algebra.
They may be understood in the following way. The term δηCmnp is just a usual bosonic diffeomor-
phism; δξ′′Cmnp is, in fact, a local supersymmetry transformation with parameter ξ
′′. These are
the restricted class of transformations which leave the supervielbein in the gravitational WZ gauge.
Equation (3.50) is just reproducing the well-known algebra of these restricted diffeomorphisms.
The fact that it is not possible to define a local supersymmetry transformation which closes just
into a bosonic diffeomorphism is a result of the requirement that one remains in the gravitational
WZ gauge.
Turning to equation (3.51) we see that the δΛ′′Cmnp term arises because we have also chosen a
WZ gauge for the three-form B. If WZ gauge restoration was unnecessary, we would have δ = δξ
and the first two terms in (3.44) would be the only terms to appear. However, WZ gauge restoration
is necessary and (3.51) tells us that the effect of this gauge restoration is the third term on the right
hand side of (3.44). Note that the term proportional to η+pq in Λ is field independent. Therefore,
it would appear to be a very different situation than in the previous section. However, one should
note that this term is, in fact, identical to the second term on the right side of equation (2.41) with
Y1 = y = −4/3 and Y2 set to zero, as is required by (3.36).
As in the flat-space case, one might have been tempted to interpret this term as indicating the
presence of central extension to the local supersymmetry algebra associated with supermultiplet Ω.
The suggestion is that, in general, two superdiffeomorphisms can close in to a gauge transformation
δΛ′′ . It is clear from the above analysis that this interpretation is unwarranted. The general
symmetry of the multiplet is local superdiffeomorphisms, which form a closed subalgebra, together
with independent gauge transformations. The closure of two supersymmetry transformations into
a gauge transformation is an artifact of the three-form WZ gauge.
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We have carried out this analysis by re-expressing the imaginary part of the auxiliary field M
in terms of the three-form Cnpq. In terms of the component field calculation we could just as easily
dualized the real part of M or some linear combination of M1 and M2. Indeed, M could have
been completely replaced by two independent three-forms. From the superfield point of view, only
one three-form is introduced. The freedom in choosing a particular linear combination of auxiliary
fields to dualize is reflected in the arbitrariness in choosing the phase in the constant y. However,
as we will see in section five, demanding the Green-Schwarz membrane action is κ-symmetric, picks
out specifically the M2 dualization.
4 The elementary membrane solution
We claim that the three-form version of N = 1 supergravity derived in the previous section is
the version relevant to the description of fundamental membranes in four dimensions. In the
next section, we show that κ-symmetry of the Green-Schwarz membrane action leads to exactly
the superfield constraints used in section three. This section demonstrates how the fundamental
membrane solution appears in the three-form supergravity theory.
Since we are now interested in solutions rather than supergravity multiplets, we must begin by
giving the action for the three-form supergravity. As discussed above, the old minimal supermulti-
plet of D = 4, N = 1 supergravity consists of a graviton gmn, a gravitino ψ
α
m , a real vector field ba
and a complex scalar field M . The bosonic part of the pure supergravity Lagrangian is given by
κ2e−1L = 1
2
R+ 1
3
b2 − 1
3
M21 −
1
3
M22 (4.1)
where M = M1 + iM2, The three-form supergravity multiplet was derived by dualizing M2 into a
four-form field strength Fmnpq. If we continue to ignore fermion terms, the transformation is
M2 =
1
4
ǫmnpqFmnpq = ǫ
mnpq∂mCnpq (4.2)
where we write Σmppq
∣∣
θ=θ¯=0
= Fmnpq. Substituting into the supergravity Lagrangian (4.1) gives
κ2e−1L = 1
2
R+ 1
3
b2 − 1
3
M21 + 2F
2 (4.3)
This lagrangian is not quite equivalent to the original one. Varying the auxiliary fields in (4.1)
leads to the field equations M1 = M2 = ba = 0. In (4.3), ba and M1 similarly get set to zero, but
the Cmnp field equation gives
∇mFmnpq = 0 ⇔ Fmnpq = λǫmnpq (4.4)
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where λ is a constant of integration. Thus, from (4.2), we see that now M2 =
1
4ǫ
mnpqFmnpq =
−6λ 6= 0. In fact, the constant of integration λ acts as a cosmological constant. On shell, where
ba =M1 = 0, the metric equation of motion reads
Rmn − 1
2
gmnR = −4FmpqrFnpqr − 1
2
gmnF
2 = 12λ2gmn (4.5)
where we have substituted the solution of the Cmnp equation (4.4). We see that (4.5) is simply
Einstein’s equation for empty space with a negative cosmological constant Λ = −12λ2. Note that
the value of Λ is determined dynamically by solving the Cmnp equation of motion.
The equivalence of a three-form field coupled to gravity and a dynamically determined cos-
mological constant was noted some time ago in [2, 24, 25]. In the present context, it provides a
way of deriving the fermion terms that had to be added to M2 in the definition (3.7) to make the
supersymmetry variation of Fmnpq integrable. The full action for old-minimal supergravity with a
cosmological constant is
S =
1
2κ2
∫
d4x
√−g
{
R+ ǫmnpq
(
ψ¯mσ¯nD˜pψq + ψmσnD˜pψ¯q
)
+
2
3
b2 − 2
3
(
M1
2 +M2
2
)
+µ1
[
M1 +
1
2
(
ψaσ
abψb + ψ¯aσ¯
abψ¯b
)]
+ µ2
[
M2 − i
2
(
ψaσ
abψb − ψ¯aσ¯abψ¯b
)]}
(4.6)
Eliminating M1 and M2, we find the cosmological constant is Λ = − 316
(
µ1
2 + µ2
2
)
. We would like
to replace M2 by a three-form field such that the cosmological constant is fixed by the three-form
equation of motion. Since M1 is not dualized, we first take µ1 = 0. Defining
1
4
ǫmnpqFmnpq = ǫ
mnpq∂mCnpq =M2 − i
2
(
ψaσ
abψb − ψ¯aσ¯abψ¯b
)
(4.7)
means that the last term in (4.6) is a total divergence. The parameter µ2 effectively drops from
the action and the cosmological constant becomes fixed dynamically by solving the Cmnp equation
of motion. The definition (4.7) is exactly the combination that appeared in the supersymmetric
dualization ofM2 in the previous section (3.7). One notes that, since the action with µ1 = µ2 = 0 is
supersymmetric, the last term in (4.7) must be invariant by itself. Thus the variation of ǫmnpqFmnpq
must be a total divergence and so can be integrated to give a variation of Cmnp. This was just the
property required in the previous section to form the three-form multiplet.
Since the total-derivative µ2 term can effectively be dropped, if we rewriteM2 in terms of Cmnp
and put the auxiliary ba and M1 fields on shell, the bosonic lagrangian for three-form supergravity
becomes
S =
1
2κ2
∫
d4x
√−g (R+ F 2) (4.8)
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As we have argued, this is classically equivalent to pure gravity with a negative cosmological
constant Λ = −12λ2 where Fmnpq = λǫmnpq is the solution of the Cmnp equation of motion.
It is interesting to note that the action has the same general structure as higher-dimensional
supergravity actions, such as type IIA supergravity in D = 10 or D = 11 supergravity, with
Einstein gravity coupled to Neveu-Schwarz and Ramond forms. There is, of course, no dilaton field
in our D = 4 action. More importantly, the sign in front of the F 2 term in (4.8) positive, whereas
the usual sign in front of the form-field kinetic terms in higher-dimensional supergravity actions is
negative.
We would like to find a fundamental membrane solution which is a source of three-form charge.
The three-dimensional membrane is a domain wall, dividing the spacetime into two regions. Domain
wall solutions for general (D − 2)-branes in D-dimensional spacetime have been discussed in [14,
15, 16]. Here we reproduce the solution in terms of a three-form and map to an explicit membrane
source.
Let the spacetime coordinates be t, x, y and z. If a flat membrane lies in the t–x–y plane, its
Lorentz and translational symmetries imply that the spacetime metric has the form
ds2 = e2A(z)
(−dt2 + dx2 + dy2)+ dz2 (4.9)
Since the three-form action (4.8) is equivalent to the action for pure gravity with a negative cos-
mological constant, the symmetries of (4.9) are sufficient to determine the solution. The spacetime
is simply anti-de Sitter space. The membrane solution then corresponds to patching of two pieces
of anti-de Sitter space, as was first described in [15].
The details of the solution are as follows. The source is described by the bosonic action for a
fundamental membrane coupled to Cmnp
S3 = T3
∫
d3ξ
√−γ
(
−1
2
γij∂iX
m∂jX
ngmn +
1
2
− C
6
ǫijk∂iX
m∂jX
n∂kX
pCmnp
)
(4.10)
where T3 is the membrane tension, γij is the intrinsic membrane metric, ǫijk is the volume three-
form on the membrane and the Xm fields describe the embedding of the membrane into the four-
dimensional target space. The dimensionless constant C is not known a priori but, for a consistent
solution, will be fixed by the normalization of the F 2 term in (4.8) in what follows. The full action
is then the sum of (4.8) and (4.10). The associated field equations are the following. The metric
field equation is
Rmn − 1
2
gmnR+ 4FmpqrFnpqr − 1
2
gmnF 2 = κ2Tmn (4.11)
where Tmn is the membrane stress-energy tensor given by
Tmn = −T3
∫
d3ξ
√−γγij∂iXm∂jXn δ
4 (xp −Xp)√−g (4.12)
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The three-form field equation is found to be
∂m(
√−gFmnpq) = −2κ2T3C
∫
d3ξ
√−γǫijk∂iXn∂jXp∂kXqδ4 (xp −Xp) (4.13)
and, finally, the Xm equation of motion is
∂i
(√−γγij∂jXngqn)− 1
2
√−γγij∂iXm∂jXn∂qgmn
− C
6
√−γǫijk∂iXm∂jXn∂kXpFqmnp = 0 (4.14)
while the membrane-metric equation gives γij = ∂iX
m∂jX
ngmn.
As discussed above, the metric Ansatz for a membrane lying in the plane z = 0 is given by
(4.9). Adopting a gauge where the three-form shares the symmetries of the membrane, means the
Ansatz for Cmnp is that all components vanish except for
Ctxy = e
C(z) (4.15)
For the flat membrane itself, we choose static gauge where T = σ0, X = σ1 and Y = σ2. The
Einstein equations imply that
2∂2zA+ 3 (∂zA)
2 − 12e−6A+2C (∂zC)2 = −κ2T3δ(z) (4.16)
1
3
e−6A∂z
(
e3A − 6eC) ∂z (e3A + 6eC) = 0 (4.17)
whereas the three-form equation and the Xm equation give
∂z
(
e−3A∂ze
C
)
= −κ
2
24
T3Cδ(z) (4.18)
and
∂z
(
e3A − CeC) = 0 (4.19)
respectively. From equation (4.17) and (4.19) we see that
eC = ±1
6
e3A + const , C = ±6 (4.20)
The constant can be set to zero by a gauge transformation. We see that consistency of the membrane
and spacetime equations of motion fixes the magnitude of C. The particular value is fixed by our
choice of normalization of F 2 in (4.8). The sign of C will be related in the next section to a choice
of κ-symmetry helicity on the membrane. To match the conventions there, we will henceforth take
C = −6.
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The above equations of motion now all reduce to
∂2zA = −
κ2
2
T3δ(z) (4.21)
The solution symmetrical in z is
A = −α |z| (4.22)
where α = 14κ
2T3. Given the factor of
√−g in ǫmnpq, we can write the final solution as
ds2 = e−α|z|
(−dt2 + dx2 + dy2)+ dz2
Ftxyz = ±1
2
ǫtxyz
(4.23)
where one takes the − or + sign in the expression for Ftxyz depending on whether one is the right
(y > 0) or left (y < 0) of the membrane. As expected, the four-form field is proportional to ǫmnpq.
From (4.5) we expect the metric to correspond to anti-de Sitter space with a cosmological constant
Λ = −3α2 = −3κ4T 23 /16. This is the case; the metric is written in unconventional horospherical
coordinates [26].
Thus there is a fundamental membrane solution of three-form supergravity which matches
consistently onto a membrane source. The solution is the patching of two pieces of anti-de Sitter
space across a singular plane. The four-form field strength is constant either side of the membrane,
but with opposite sign. This corresponds to the field on each side ‘pointing away’ from the source.
The four-form cannot fall off away from the membrane because the transverse space is only one-
dimensional. Solutions for multiple parallel branes are, of course, easily constructed, as discussed
in [15].
Finally, again following [15], let us briefly discuss the supersymmetry of the membrane solution.
It is well known that anti-de Sitter space is supersymmetric, so that, away from the membrane
source, we expect there to be four distinct Killing spinors. The supersymmetric variation of the
gravitino is given by
δψm
α = −2∂mξα − ωmnp (ǫσnpξ)α − α
(
ǫσmξ¯
)α
(4.24)
The spin connection ωmnl can be evaluated from the vielbein associated with metric (4.9) and
vanishes except for
ωttz = −ωxxz = −ωyyz = e2A∂zA (4.25)
The Killing spinors are determined by setting the variation of the gravitino to zero for each value
of index m. First consider the m = z case. The spin-connection term vanishes in this equation.
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The solution is a spinor of the form
ξα = e−A/2η+α + eA/2η−α (4.26)
where we define
η± = η ± σ3η¯ (4.27)
and the general spinor η is an arbitrary function of t, x and y. Setting the remaining components
of the gravitino variation to zero fixes the form of η. After some Dirac matrix manipulation, we
find the general solution
ξ =
(
e−A/2η+0 ∓
α
2
eA/2xiσiη¯
+
0
)
+ eA/2η−0 (4.28)
where i = {t, x, y} and the − or + sign depends on whether one is to the right or the left of the
membrane. As before
η±0 = η0 ± σ3η¯0 (4.29)
where now η0 is an arbitrary constant spinor. Since η0 has four real components, there are four inde-
pendent Killing spinors described by this expression. We see that the solution naturally decomposes
with respect to the two chiralities of η0 given by (4.29). While both chiralities are Killing spinors
of the anti-de Sitter space, it is not clear that both are compatible with the singular membrane
surface at z = 0.
In fact only the two η−0 chirality spinors are compatible. There are several ways to see this.
The simplest, and the one we employ here, is to note that the corresponding Killing spinors, given
by
ξ = eA/2η−0 (4.30)
are continuous at the membrane surface. We can can conclude, therefore, that these Killing spinors
are globally defined. For the two spinors of the opposite chirality, the corresponding Killing spinors
are given by
η = e−A/2η+0 ∓
α
2
eA/2xiσiη¯
+
0 (4.31)
Note that the sign of the second term changes as one passes across the membrane surface. Thus the
Killing spinors are discontinuous and are not compatible with the membrane source. We conclude
that the membrane preserves precisely half of the supersymmetries and, hence, is a BPS solution.
Of the four Killing spinors given above, only the chiral spinors (4.30) are global Killing spinors of
the complete membrane solution.
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5 Membrane κ-symmetry and the supergravity constraints
In the previous section, we demonstrated that the dual form of supergravity, in terms of the three-
form potential, allowed a fundamental BPS membrane solution. In this section, we strengthen
this link between membranes and the dual form of supergravity by considering the fundamental
supersymmetric Green-Schwarz membrane. We show that the theory is only consistent in curved
superspace if there exists a super three-form field satisfying exactly the constraints of the three-form
supergravity given in section two. The consistency condition arises by insisting that the membrane
action has a κ-symmetry, implying that half the fermionic degrees of freedom decouple on shell,
and that the membrane consequently has the same number of fermionic as bosonic excitations. The
argument was first given by Bergshoeff, Sezgin and Townsend in [5]. These authors presented a
general formalism for n-extended objects in d-dimensional supergravity backgrounds. They argued
that, for membranes, the only relevant supergravities are N = 1, D = 11 and N = 2, D = 7. Since
the superspace formalism of N = 2, D = 7 is unknown, they concentrated on the case of a super-
membrane in eleven dimensions. However, the N = 1, D = 4 three-form supergravity presented in
this paper gives yet another context in which a supermembrane can couple to supergravity. In this
section, we apply the formalism of [5] to this four-dimensional case.
The supersymmetric Green-Schwarz action for a membrane moving in curved superspace is
given by
S = T3
∫
d3ξ
√−γ
(
−1
2
γijEi
aEj
bηab +
1
2
+ ǫijkEi
AEj
BEk
CBCBA
)
(5.1)
The target space is now the full four-dimensional superspace so that the membrane coordinates
are ZM = (Xm(ξi), θα(ξi), θ¯α˙(ξ
i)). The world volume metric on the membrane is γij while the
functions Ei
A are given by
Ei
A = ∂iZ
MEM
A (5.2)
where EM
A are the usual inverse supervielbeins. The action also includes a Wess-Zumino term
describing the coupling of the membrane to some, as yet unconstrained, super three-form field
BCBA. The bosonic part of this action was given in equation (4.10) in the previous section, with
the C = −6, as we derived for the consistent membrane solution.
As written, the action (5.1) is spacetime supersymmetric by construction. However, to describe
equal numbers of fermionic and bosonic degrees of freedom it must also have a κ-symmetry. The
existence of this symmetry requires a non-zero Wess-Zumino term in (5.1). Thus the membrane
theory only exists in a non-zero three-form background. Following [5], κ-symmetry implies that
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the action is invariant under a variation of the form
δEa = 0
δEα = κα + κ¯α˙Γ¯
α˙α
δEα˙ = κ¯α˙ + κ
αΓαα˙
δγij = 2
(
Xij − γijX kk
)
(5.3)
where δEA = δZMEM
A. Here Xij is a function of the Ei
A and is linear in κ, while the matrices Γ
and Γ¯ are given by
Γ¯α˙α =
1
6
ǫijkE ai E
b
j E
c
k ǫabcdσ¯
dα˙α
Γαα˙ = −1
6
ǫijkE ai E
b
j E
c
k ǫabcdσ
d
αα˙
(5.4)
In Dirac four-spinor notation we have
Γ =
(
0 Γ¯αβ˙
Γα˙β 0
)
(5.5)
Using the the γij equation of motion γij = Ei
aEj
bηab it is easy to show that 1 + Γ is a projector
on Dirac spinors since Γ2 = 1. One notes that, for a flat membrane, 1 + Γ is the same projector
that appears in the Killing spinors of membrane solution given in the previous section. In static
gauge a membrane in the plane z = 0 has T = σ0, X = σ1 and Y = σ2, so that Γαα˙ = σ
3
αα˙.
This gives δEα =
(
κ− σ3κ¯)α which is the same projection used for the preserved Killing spinors
(4.30). This is to be expected: it reflects the usual realization of partially broken supersymmetry
in the flat membrane world-volume theory [27]. It is also the choice of chiral projector 1±Γ in the
κ-symmetry which fixes the sign of the BCBA coupling C = ∓6 discussed in the previous section.
For general supervielbein EM
A and three-form potential BCBA, variations of the form (5.3) do
not leave the action (5.1) invariant. Requiring invariance imposes conditions on the derivatives
of the supervielbein and three-form potential. In particular, following [5], we find that certain
components of the torsion, constructed from EM
A, are constrained to be
Tαβ
c = Tα˙β˙
c = 0 , Tαα˙
a = Tα˙α
a = 2iAσaαα˙ (5.6)
ηc(aTb)α
c = ηabΛα , ηc(aTb)α˙
c = ηabΛ¯α˙ (5.7)
where A is an arbitrary real number, while Λα is any spinor superfield. Similarly, the components
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of the four-form field strength constructed from BCBA are also constrained. These constraints are
ΣδγβA = Σ
δ˙
γba = 0 (5.8)
Σδγba = −2
3
A (σbaǫ)δγ , Σδ˙γ˙ ba = −
2
3
A (σ¯baǫ)δ˙γ˙ (5.9)
Σδcba =
i
2
σdδδ˙Λ¯
δ˙ǫdcba , Σ
δ˙
cba = − i
2
σ¯dδ˙δΛδǫdcba (5.10)
Let us now compare these constraints with those used in section three to derive the three-form
version of supergravity, as given in (3.41) and (3.42). The conditions are the same if A = 1 and
the superfield Λα is zero, except that the torsion is further constrained in the supergravity. In
particular, we are missing the constraints
Tαβ
γ = ηc[aTb]α
cTab
c = 0 (5.11)
The gravitational multiplet is described in terms of the supervielbein EA and a superconnection
φA
B . However there is in general some ambiguity in how these are defined. We note first that A
can be set to unity by a simple normalization condition on the vielbein. Furthermore, several of
the missing constraints in (5.11) are conventional, for instance Tab
c = 0. That is to say, they can
be imposed simply by redefining φA
B . Finally, one notes that the Green-Schwarz action (5.1) does
not fix the definition of the bosonic and fermionic parts of EA. In general we can redefine
E′
a
= EbLb
a
E′
α
= EbLb
α + EβLβ
α + Eβ˙L
β˙α˙
E′α˙ = E
bLbα˙ +E
βLβα˙ +Eβ˙L
β˙
α˙
(5.12)
and leave the form of the action invariant. Here Lb
a is the usual Lorentz transformation, but the
other matrices correspond to a general linear transformation. As first described in the context of
the string in ten dimensions [28], these transformations are in fact, sufficient to set Λα and the
remaining missing torsion constraints to zero. Thus, up to this redefinition, the constraints of κ-
symmetry for the membrane action are exactly equivalent to those used to define N = 1 three-form
supergravity. One notes that, with A = 1, it is precisely the M2 auxiliary field which is dualized,
and no other linear combination of M1 and M2.
Rather than give the details of the redefinitions, let us demonstrate that Λα can consistently
be taken to zero. Assume all the usual torsion constraints are satisfied, including Λα = 0 and
A = 1. Comparing (5.9) with (3.13) and (3.14) we see that the superfield Y is equal to −4/3.
Furthermore, solving the Bianchi identities implies that Σαcba ∼ D¯α˙Y¯ and Σα˙cba ∼ DαY (from
(3.15) and (3.16)). Since Y is constant these components are zero, and so, by (5.10), Λα = 0,
consistent with the original assumption in the torsion constraints.
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We see that imposing κ-symmetry on the Green-Schwarz membrane action implies a set of
torsion and four-form constraints that are exactly those used to define the three-form version of
supergravity. We are forced to have a non-zero B. The membrane does not couple consistently to
old-minimal supergravity, but instead couples only to the three-form version of minimal supergrav-
ity derived in this paper.
6 The Extended Membrane Superalgebra
It is well know that p-brane states in flat space are representations of an extended superalgebra.
The extension is by a topological tensor central charge corresponding to the form-field charge of
the p-brane state [10]. In the case of a membrane in flat four-dimensional space, we would expect
the algebra to have the form
{
Qα, Q¯α˙
}
= 2σmαα˙Pm{
Qα, Qβ
}
= 2i (σmn)αβ Zmn{
Q¯α˙, Q¯β˙
}
= 2i (σ¯mn)α˙β˙ Zmn
(6.1)
where Zmn is the conserved charge for the three-form potential Cmnp.
Normally the extended algebra is derived in one of two ways. Either one looks at the super-
symmetry algebra in the world-volume theory of a fundamental Green-Schwarz p-brane [10], or
one looks directly at the algebra of charges for a p-brane solitonic supergravity solution, as in, for
instance [8, 9]. In each case the extension appears as a topological charge.
In this section we will show that the algebra can also be derived simply as the algebra of sym-
metries which leave the flat-space supergravity background, including the three-form B, invariant.
It will be crucial in this context that the constraints on the field strength Σ imply that even in flat
space there is a non-trivial potential B.
Let us start by reconsidering the algebra of general local invariances of the supergravity de-
rived in section three. The theory has three quite distinct symmetries: general superdiffeomorphic
invariance, local Lorentz symmetry and symmetry under local gauge transformations of the su-
per three-form potential B. Superdiffeomorphisms are characterized by super Killing vectors ξA,
while gauge transformations are parameterized by a super two-form ΛMN . The commutator of two
diffeomorphisms, ξA and ξ′A, simply leads to a third diffeomorphism ξ′′A given by the super-Lie
bracket of ξA and ξ′A. It is easy to show that the commutator of a superdiffeomorphism ξA with
a gauge transformation Λ is a second gauge transformation with a parameter
Λ′ = ιξdΛ+ dιξΛ (6.2)
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The commutator of two gauge transformations is, of course, zero. It is always possible to define
transformations as combinations of diffeomorphisms and gauge transformations. The supersymme-
try transformations in WZ gauge defined in section three are such an example. Such transformations
will have a more complicated algebra, but this is an artifact of their definition. The underlying
algebra is always superdiffeomorphisms together with gauge transformations.
We now want to consider a specific solution of the supergravity theory, namely flat space, and
ask which of the local symmetries leave the solution invariant. From the bosonic action (4.8) we
see that flat space is a solution of three-form supergravity with Fmnpq = 0. The constraints on the
other components of Σ (3.42) imply that the super four-form completely vanishes except for the
components
Σδγba = −2
3
(σbaǫ)δγ Σ
δ˙γ˙
ba = −2
3
(σ¯baǫ)
δ˙γ˙ (6.3)
Thus, the flat-space solution in fact corresponds to a constant super four-form background.
If we ignore the four-form, we know that the symmetries of flat superspace are simply ordinary
translations and Lorentz rotations, and supertranslations, which are just the flat-space supersym-
metry transformations. Together these form the usual super-Poincare´ algebra. From the form of
the flat-space field strength (6.3) it is clear that these symmetries also leave Σ invariant. We are
also free to make local gauge transformations. Thus, requiring Σ to be invariant, the symmetries
of flat space are simply the usual unextended super-Poincare´ transformations together with local
gauge transformations.
We now ask a more restrictive question: what is the algebra of symmetries of flat space which
leave the super three-form potential itself invariant? We will argue shortly, that this is the algebra
relevant to matter which carries form-field charge. Given that Σ is not zero, clearly the potential B
is also non-zero. We are in flat space, so can use the discussion of section two to find an expression
for B. The constraints on Σ imply that the components of the chiral superfield Y are set to
Y = −4/3 and ηα = H = 0 (see (3.36) and (3.37)). Since here Fmnpq = 0, we can also choose a
gauge where Cmnp = 0. Comparing with equation (2.31), we see that there is a gauge where Ω
takes the form
Ω = − 1
12
(
θ2 + θ¯2
)
(6.4)
Equations (2.19)–(2.21) imply that all the components of B vanish except for
B β˙α a =
i
6
(
θ2 + θ¯2
)
(σaǫ)
β˙
α
Bαba = −1
3
(σba)α
βθβ B
α˙
ba = −1
3
(σ¯ba)
α˙
β˙ θ¯
β˙
(6.5)
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That B does not vanish is to be expected, since we know that even in flat space, κ-symmetry
requires a non-zero Wess-Zumino term in the Green-Schwarz membrane action. This non-trivial
term is none other than the coupling of the membrane to a background B field.
We note first that, in this gauge, B is invariant under normal translations. However it is
not invariant under supertranslations. This is easily seen from (6.5), which clearly changes under
θα → θα+ξα. However we know that the field strength Σ = dB is invariant under supertranslations.
This implies that the variation of B must simply be a gauge transformation. That is, it is possible
to write it in the form
δξB = dΛξ (6.6)
where Λξ is a particular two-form dependent on ξ
α. Clearly if we want to leave B invariant we
must modify the supertranslation transformation. We define a new variation which combines the
supertranslation with a gauge transformation,
δnewξ B = δξB + δΛξB (6.7)
where δΛξB = −dΛξ, so that we have δnewξ B = 0 as required. The only remaining transformations
which preserve B are a trivial subset of the general gauge transformations, for which δΛB = dΛ = 0.
What is the algebra of these symmetries? The easiest way to find out is to use the supersymme-
try transformations given in section two. We recall that the variation (2.6) did not correspond to
simple supertranslation but included a gauge transformation in order to preserve the WZ gauge. In
fact, it is exactly the modified transformation we defined above (6.7) in order to leave B invariant.
To see this, recall that the three-form in the supergravity theory was constrained so that Y = −4/3
and ηα = H = 0 (see (3.36) and (3.37)). Thus in WZ gauge the only surviving component of
B is Cmnp. Its variation is given by (2.6), which vanishes since ηα = 0. Thus the WZ-gauge
supersymmetry variations of section two leave B invariant, and correspond exactly to the modified
supertranslation (6.7). The commutator of two of the modified supertranslations can be taken
directly from (2.37), (
δδ′ − δ′δ)Cmnp = 2ηq∂qCmnp + 3∂[mΛnp] (6.8)
where we have dropped the label ‘new’ and
Λmn = −2Cmnpηp − 1
2
(
η+pqY1 + η
−
pqY2
)
(6.9)
with
ηm = −i (ξσmξ¯′ − ξ′σmξ¯)
η+pq = ξσpqξ
′ + ξ¯σ¯pq ξ¯
′
η−pq = −i
(
ξσpqξ
′ − ξ¯σ¯pq ξ¯′
) (6.10)
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Recalling that Y = Y1 + iY2 = −4/3 and that we have chosen the gauge Cmnp = 0, we find the
gauge transformation parameter simplifies to Λmn =
2
3η
+
mn, so that
(
δδ′ − δ′δ)Cnpq = 2ηr∂rCnpq + 2∂[nη+pq] (6.11)
Thus the commutator of two of the modified supertranslations closes into an ordinary translation,
parameterized by ηm, together with a gauge transformation, parameterized by η+mn. This can now
be compared with the extended algebra (6.1). Given the form of ηr and η+pq we see that, up to a
normalization of the charge Zmn, the two are identical. The extended superalgebra is none other
than the algebra of the symmetries of flat space which leave B invariant.
Note that we derived the extended algebra in a particular gauge. However, we would have in
fact obtained the same form whatever gauge we had started in. The only modification would be in
the definition of the modified translation and supertranslation symmetries. Suppose, for instance,
we chose a gauge where Cmnp was non-zero. Under an ordinary translation
δηCmnp = η
r∂rCmnp 6= 0 (6.12)
Thus we must redefine a modified translation symmetry which includes a gauge transformation,
such that
δnewη Cmnp = η
r∂rCmnp − 6∂[m
(
ηrCnp]r
)
= ηrΣrmnp = 0 (6.13)
and so Cmnp is invariant. Using this modified symmetry, one then finds the same extended algebra.
It turns out that there is a gauge-invariant property of Σ which is leading to the extension of the
algebra [29]. The point is that while the field strength Σ was invariant under the super-Poincare´
group, it was impossible to find a gauge where the potential B was also invariant. Formally, Σ
is an element of the fourth Chevalley-Eilenberg cohomology class of the super-translation group,
where flat space is considered as the group manifold. The central extension of the algebra is then
the analog of the usual Abelian extension of a Lie algebra with a non-trivial second cohomology
class ([30] and references therein).
The question remains as to why the algebra of the symmetries of flat-space which leave B
invariant should correspond to the topologically-extended algebra which describes membrane states.
We start by noting that a membrane is the archetypical object which carries three-form charge.
Whether it is fundamental or a solitonic solution, a membrane in a flat background will be effectively
described by a Green-Schwarz action. It will couple to the three-form via the Wess-Zumino term
SWZ =
∫
d3σ
√−γǫijkEiAEjBEkCBCBA (6.14)
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Under what symmetries is this term invariant? The projected vielbeins Ei
A = ∂iZ
MEM
A are
invariant under the usual translations and supertranslations by construction, and also trivially
under any gauge transformations. But the three-form B is only invariant under the set of modified
transformations we described above. Thus the symmetry algebra of the Green-Schwarz action is
exactly the algebra of the symmetries which leave B invariant.
This also allows us to make the connection to the calculation of the extended algebra given
in [10]. There it was noted that the WZ term was invariant under supertranslations only up to
a total divergence. In the present context we can understand this result as a reflection of (6.6).
Namely the variation of B under a supertranslation is just a gauge transformation. It is clear from
the form of (6.14) that a gauge transformation in B leads to a total divergence. The authors of
[10] defined a conserved current by subtracting the total divergence term from the conventional
supertranslation current. But this is exactly the current one would define for a transformation
which included a compensating gauge transformation together with the supertranslation. That is,
it is just the current corresponding to the modified supertranslation (6.7).
We recall from the solution of section four, that the actual extended membrane does not live
in asymptotically flat space in four dimensions. Since there is no fall off in the gauge field away
from the membrane, the asymptotic space is actually anti-de Sitter. Given this, one might ask how
the supersymmetry algebra is extended in a anti-de Sitter background. Calculating the algebra
from the solution itself is problematic since it is not clear how to define the asymptotic charges.
The patching of two pieces of anti-de Sitter space means that there is no clear sense in which
the membrane is a perturbation about an anti-de Sitter background. However, we can ask what
symmetries leave the Wess-Zumino term in the membrane action invariant. That is, find the algebra
of symmetries that leave B invariant, as we did in the flat case.
The fermionic part of the anti-de Sitter superalgebra is given by
{
Qα, Q¯α˙
}
= 2σmαα˙Jm4{
Qα, Qβ
}
= 2i
(
σmn
)
αβ
Jmn
{
Q¯α˙, Q¯β˙
}
= 2i
(
σ¯mn
)
α˙β˙
Jmn[
Jm4, Qα
]
=
i
4
σmαα˙Q¯
α˙
[
Jm4, Q¯α˙
]
=
i
4
σ¯mα˙αQ
α
[
Jmn, Qα
]
= −1
2
(
σmn
)
α
β
Qβ
[
Jmn, Q¯α˙
]
= −1
2
(
σ¯mn
)α˙
β˙
Q¯β˙
(6.15)
where Jmn, Jm4 are the generators of the SO(3, 2) group of isometries of anti-de Sitter space. As in
the previous example we can use the supersymmetry variations from section three to calculate the
algebra, since these leave the three-form B invariant. The full calculation requires explicit forms
for the Killing vectors and spinors in anti-de Sitter space and we will not give the details here. The
result is simply that there is no extension of the algebra. A membrane state in anti-de Sitter space is
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just a representation of the usual anti-de Sitter supersymmetry algebra (6.15). In fact, oscillations
of the flat membrane have been identified with the singleton representation [31]. While it can carry
three-form charge, this charge does not enter the supersymmetry algebra. Algebraically, this is
because there is no corresponding central extension of the super-anti-de Sitter algebra possible.
The extension must be central because gauge transformations commute, and no such extension by
a two-form Zmn exists.
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